Introduction
Let F be a disjoint (finite) union of smooth and closed manifolds, F = A strengthened version of this fact was obtained by R. E. Stong and C. Kosniowski in [2] : if (M m , T ) is a nonbounding involution, which is equivalent to the fact that the normal bundle of F in M m is not a boundary (see [5] ), then m ≤ 5 2 n. In particular, if F is nonbounding (which means that at least one F j is nonbounding), then m ≤ 5 2 n. The generality of this last result allows the possibility that fixed components of all dimensions j, 0 ≤ j ≤ n, occur; in this way, it is natural to ask whether there exists a better upper bound for m when we omit some components of F . This is inspired by the fact that, if F has constant dimension n and if m > 2n, then (M m , T ) bounds equivariantly; this result was proved by R. Stong and C. Kosniwoski in [2] . In particular, if F = F n with constant dimension n is nonbounding, and if (M m , T ) fixes F , then m ≤ 2n. This bound is best possible, as can be seen by taking the involution (F n × F n , T ), where F n is any nonbounding n-dimensional manifold (with the exception of n = 1 and n = 3) and T switches coordinates. That is, m ≤ 5 2 n can be improved to m ≤ 2n, in a best possible way, if all F j with j < n are omitted.
Once the case F = F n with constant dimension n is established, the next natural step is to consider fixed sets of the form
is a boundary, it can be equivariantly removed to
give a new involution, equivariantly cobordant to (M, T ) and with fixed point set F n (see [5] ); that is, this case reduces to the constant dimension case. Thus, it is reasonable to suppose that the normal bundle over F j does not bound. In this case, we showed in [8] that for j = n − 1 we also have m ≤ 2n and that this bound is best possible. For
and the normal bundle over F j is nonbounding automatically . Concerning this case, R. Stong and P. Pergher proved in [9] that, for each natural number n, m ≤ m(n), where the bounds m(n) are described as follows: writing n = 2 p q, where p ≥ 0 and q is odd,
Further, they contructed, for each n ≥ 1, special involutions (V m(n) , T n ) with the fixed point set having the form F = F n ∪ {point}, thus showing that the bounds m(n) cannot be improved. For q = 1, m(n) is precisely the Boardman bound, but for q > 1 it is a smaller bound. The bounds m(n) have a special feature: for some other values of j, the corresponding bounds are related to m(n). In fact, in [10] and [11] S. Kelton studied bounds for m when F has the special form F = F n ∪ RP j , where RP j is the j-dimensional real projective space, and a consequence of the obtained results is that, for
m ≤ m(n − 1) + 1 if n is odd, and m ≤ m(n − 1) + 2 if n is even. In addition, these bounds are best possible. In [7] , we considered the case F = F n ∪ F 2 , and showed that m ≤ m(n − 2) + 4 is the best possible bound in this case (it is also interesting to note the following relation between the case j = n − 1 and the numbers m(n): m(n − j) + 2j = m(1) + 2n − 2 = 2 + 2n − 2 = 2n).
If η → F n and µ → F j are the normal bundles of F n and F j in M m , and if µ → F j and µ → F j are cobordant as bundles over j-dimensional and closed manifolds, that is, represent the same element in the cobordism group
and with fixed data (η → F n ) ∪ (µ → F j ) (see [5] ). Thus µ must be considered up to cobordism; that is, when looking for bounds, it suffices to consider the However, as it was seen in [7] and [6] , in the case j = 2 one has seven such classes. Each one of these classes is identified by a nonzero list of three mod 2 characteristic numbers, (a 1 , a 2 , a 3 ), coming from the list of characteristic classes
). Specifically, we used β 1 , β 2 , β 3 , β 4 , β 5 , β 6 and β 7 to denote the stable cobordism classes corresponding to the lists (1, 0, 0), (1, 0, 1),
(1, 1, 0), (1, 1, 1), (0, 0, 1), (0, 1, 0) and (0, 1, 1), respectively (see Lemma 2.1 of [6] for an explicit description of these classes). The bound m ≤ m(n − 2) + 4 works for any n > 2 and any β i , and it was shown to be best possible via an example with µ → F 2 representing β 4 . Hence this suggests the question of improving this bound for specific values of n and β i . Inspired in this setting, we define the number ϕ(n, β i ) = maximum {m | there exists an involution (M m , T ) having fixed set of the form F = F n ∪ F 2 and such that µ → F 2 represents β i }.
In [6] , we completely solved this question for n odd, showing that ϕ(n, β i ) = m(n − 2) + 2 = n + 1 if either n ≡ 3 mod 4 and µ represents β 2 , β 3 , β 5 or β 6 , or n ≡ 1 mod 4 and µ represents β 1 , β 2 , β 6 or β 7 , and that ϕ(n, β i ) = m(n−2)+4 = n + 3 in all the remaining cases.
This paper considers the case n=even. We completely solve the case in which n ≡ 0 mod 4. We also calculate ϕ(n, β i ) in the cases:
i) i = 3, 5 or 7 and n satisfies the fact that n − 2 = 2 p q where q is odd and p ≤ q. Note that if n ≡ 0 mod 4 then n is of this form.
ii) i = 1 or 4 and n > 2 is any even.
Precisely, the results are summarized in the following table:
The cases where n ≡ 2 mod 4 and i = 2 or 6, and where n − 2 = 2 p q with Section 2 will show, via a characteristic number calculation, that the bound
and 7 (not necessarily in the best possible way). Section 3, the key point of the paper, is devoted to the construction of suitable maximal examples, which give the results of the table above; in comparison with the odd case, the examples for n even require more sophistication. We would like to express our sincere gratitude and indebtedness to Professor Robert E. Stong of the University of Virginia for the valuable help given in practically all the steps of the paper.
2. An improvement for the bound ϕ(n, β i ) ≤ m(n − 2) + 4
First we establish some notations and facts. As in Section 1, take an in-
Stiefel-Whitney classes of F n , η, F 2 and µ, respectively. As described in Section 1, the cobordism class
where [F 2 ] is the fundamental homology class of F 2 .
Lemma 2.1. If m > m(n − 2) + 2, then w In this setting, a very special class plays a crucial role. This class, denoted by X, was introduced by R. Stong and P. Pergher in [9] to find bounds in the case F n ∪ {point}. With this same general aim, X was also used in [10] and [7] . We proceed with the description of X and the proof of Lemma 2.1. Write
where here we are suppressing bundle maps. For any integer r, one lets
j is a polynomial in the classes w i (RP (η)) and c.
Further, these classes satisfy the following special properties (see [9] , Section 2):
W [r] 2r = θ r c r + terms with smaller c powers,
r + terms with smaller c powers.
Write n − 2 = 2 p q, where p ≥ 1 and q is odd, and suppose first that p < q + 1.
In this case, the class X is
where
An easy calculation shows that X has dimension m(n − 2); also, by using the properties of the classes W [r] j above listed, it can be proved that X has the form X = A l .c m(n−2)−l + terms with smaller c powers,
where A l is a cohomology class of dimension l ≥ n − 1 and comes from the cohomology of F n (see [9] or [7] ). Now
.A l ) ≥ n + 1 and comes from the cohomology of F n . Therefore which yields the zero characteristic number
Our next task is to analyse the class associated to ν → RP (µ) which corresponds
where Y is obtained from X by replacing each
Stiefel-Whitney class of RP (µ) is
Since n ≥ 4 is even, (1 + d) n−4 has no terms of dimension 1, and thus
generated by the classes coming from F 2 and with positive dimension. Then 
Also, if r = 2 p − 1, l = n + r − 2 = 2 p q + 2 p − 1 and 
Putting together with the previous calculations on F n , we get w 
Maximal examples
In this section we construct examples that, together with the general bound ϕ(n, β i ) ≤ m(n − 2) + 4 and its particular improvement given by Theorem 2.2, provide the results displayed in Section 1. We will use ε r → W to denote the r-dimensional trivial vector bundle over any space W . As mentioned in Section 1, in [9] Stong and Pergher constructed, for each n ≥ 1, maximal involutions (V m(n) , T n ) with the fixed point set having the form F = F n ∪ {point}. → RP 2 , where τ is the tangent bundle over RP 2 ; this bundle represents β 4 , which gives ϕ(n, β 4 ) = m(n − 2) + 4 (this example was used in [7] to show that the general bound ϕ(n, β 4 ) = m(n − 2) + 4 is best possible).
In order to obtain the next examples, we need the following Lemma 3.2. Write n = 2 p q, where p ≥ 1, q is odd and p ≤ q. Then, for
with T n (thus the isolated fixed point P of T n is also fixed by S) so that the dimension of the vector subspace of the tangent space of V m(n) at P on which the representation of S acts as −1 is m(n) − r (equivalently, the dimension of the component of the fixed point set of S containing P is r; we say in this case that the representation of S on the tangent space to V m(n) at P has the form
Proof. To construct the maximal involutions (V m(n) , T n ), Stong and Pergher used an inductive procedure on p ≥ 0 starting in q ≥ 1. So the idea for constructing S is to insert suitable involutions in the steps of the induction so that in the last step we get the desired S. It was known that m(q) = q + 1 and Since m(n) < 2n + 1 for p < q and m(n) ≥ 2n + 1 for p ≥ q, this construction can be realized only for 0 ≤ p < q, which means that the last n attained is n = 2. W m+2n+1 is the orbit space
where S k is the k-dimensional sphere, k = 2n+1−m and K(x, y, z) = (−x, z, y). ∪ {point}, θ has two more n-dimensional components whose normal bundles are cobordant; then, up to cobordism, they can be eliminated. These components have no influence in the argument, which involves only the isolated fixed point).
To insert suitable involutions, first define, for 0 ≤ r ≤ q + 1, the involution
Then S commutes with T q and the isolated fixed point P = [1, 0, ... 
where S j ⊂ S k consists of the points of the form (x 0 , ..., x j , 0, ..., 0). This component has dimension j +2r, which means that S has representation of the form
at the isolated fixed point of θ. Now note that, by starting either in 0 or in 1, we attain any natural number r ≥ 0 after an iterated number of steps by either doubling or doubling and adding 1 in each step. To see how to proceed in each step, write r = 2 
commuting with T n−2 so that its representation on the tangent space to V m(n−2)
at the isolated fixed point of T n−2 has the form R Consider the Dold manifold
Here, CP 2j+2 is the (2j + 2)-dimensional complex projective space and θ is the involution θ(x, y) = (−x, y), where y means complex conjugation. Note that the dimension of M is 6j +9. On M one has the involution T :
by U × L, where
To find the fixed set, one looks at
, which gives the fixed component
where A is the antipodal map and C is the complex conjugation; that is, this fixed component is RP 2 ∪ P (2, 2j + 1), which has the form RP A × C of dimension 4j + 4 = n. That is, the fixed point set of (M, T ) has the form F n ∪ RP 2 . To find the normal bundle of RP 2 in M, first denote by ξ → P (2j + 5, 2j + 2) the real canonical line bundle coming from RP 2j+5 , and by η → P (2j + 5, 2j + 2) the complex canonical line bundle coming from CP 2j+2 .
If P (p, t) ⊂ P (2j + 5, 2j + 2) is a canonically embedded Dold-submanifold of P (2j + 5, 2j + 2), with p ≤ 2j + 5 and t ≤ 2j + 2, it is known that the normal bundle of P (p, t) in P (2j + 5, 2j + 2) is (2j + 5 − p)ξ ⊕ (2j + 2 − t)η, where here ξ and η are restrictions of the previous ξ and η and the natural numbers express Whitney sums. For t = 0, the total space of η → P (p, 0) is
where IR 2 ( ∼ = C 1 ) is the euclidean 2-dimensional space and F (x, y) = (x, −y).
Then, over P (p, 0), η reduces to ξ ⊕ ε 1 , and the normal bundle of P (p, 0) in P (2j + 5, 2j + 2) reduces to (4j + 7 − p)ξ ⊕ (2j + 2)ε 1 . Since our RP 2 is 
